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A GENERALIZATION OF THE SPACES H, » H,, AND THE
SPACE OF MULTIPLIERS

SANDRA MOLINA

ABSTRACT. The Hankel transformation is defined by A.H. Zemanian ([1]) as fol-
lows:

Bt = / ” @) EiI(ay) d

where0 <y <oo,p € R, p> -—— and J,, designates the well-know Bessel function
of first kind and order u. This transformatlon has been studied in the Zemanian
space H,,. The testing-function space H,, is countably multinormed and a Fréchet
space. Moreover the Hankel transformatlon is an automorphism of H,, whenever
0> —— and so it allows to define the Hankel transformation in ", by the adjoint
transformamon In this work, we obtain some characterizations and topological
properties of an n-dimensional generalization of the spaces H, and Hu Certain
properties are considered on O, the space of multipliers of H,, and M,

1. NOTATIONS

Let JR™ denote the real n-dimensional euclidean space, IR" the n-tuples of positive
real numbers. IN the set {1,2,3...} and INg = N U {0}, | z |= (2% + - - + 22)5.
Itz,ye R, z = (21,...,20), ¥ = (%1,...,¥a), the notaticns z < y and z < y

mean, respectively, z; < y; and z; < y; for i = 1,...,n. Moreover, z = a for
z € JR", a € Rmeans z; =13 = -+ =%, = qa, and ¢; for j = 1,...,n, denote the
members of the canonical basis of IR". An element k = (ky,...,k,) = (k;) € INy =

INg x INg X - -+ x INg is called multiindex. For k,m multiindex we set
k= Ky ok,
K=kl kgl

(fil) ) (7'21) )

k k1
Z Z Z Z fjl) a]'b)
J=m Ji=m1 ja=ma Jn="mn
fzxe R, z=(x1,...,2,), we set
™=z Ty
If D; = 6—2}7 J =1,...,n, then a differentiation partial respec: to z is denoted by

DF = Dfv .. Dln
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50 SANDRA MOLINA
2. THE SPACES H, AND H), .

Let us put R" = (0,00) % (0,00) x --- x (0,00) and g a n-tuple of real mumbers
= ({1, fo, - . ., jtn). We define the operators

0
T, = ' —
Ti axz
for i =1,...,n. For multiindex k we shall write

k __ ik kn—1 k
I =TroT,"{ o - 0TV,

where Tij =T;o---oT; (j times), ”o” denote the usual composition. In the following
we shall write T;T} instead of T; o T;. We define the space H,, as follows

H,={p € C®(R}): sup | a:mTk{:c'“"%Mx)} |< 00, Vm, k € INJ'} (1)
xeﬂ%1
where p € IR" and —p — % = (—py — 3, —po — reees =l — 3)-

Observation 2.1.. T;, T, T* are linear operators such that LT =TT
for i,5=1,...,n, and LT =TT for nym € INg.

Observation 2.2.. H, is a linear space with a countable collection of seminorms
{er:z,k}nl,keﬂ\lg d@ﬁ'ﬂed by

V(@) = sup | e TH{a g} . @

z€IRT
Moreover (2) is a separating collection of seminorms because {7 o}meny are norms.

Observation 2.3.. Let k be a multiindex, the following equality is valid

THg.0} = ?; (l;) TE99. T p, (3)

where ”.” denote the usual product of functions, (’;) and Z?:o must be interpreted
as in section 1 for j =0 =(0,...,0).

The equality (3) can be derived from the following equation

k . ) )
THop =Y (';) TF0.T)p (4)
=0

valid for ¢ = 1,...,n, k € IN, which can be obtained by induction on k. Moreover,
if ke IN", k = (ky,...,k,) then, we have

TRTA (G} — TQ’W{T{“{&O}} _ 1

k1 ) )
Z (k]) lel"ﬂl 9Tl]1 (P} —

J1=0 J1
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_ 5 ( )T’“Z{T’” oI =

71=0

g (ﬁ){i( Jrefrr o) ae{minl] -

-3 £ )0 b o]

Repeating this process we obtain that
T*{0.p} =Tk .. TF {0} =

=5 (B (M) [ [ 1]

§1=0  jn=0 In

Y (j)T’“"JO.TJgo.

j=0

Lemma 2.1.. If ¢ € H,, for each multiindex k, D*¢(z) is rapid descent as
|z |— o0, ( i.e for each pair of multiindez m, k then 2™ D*¢ = 0(1) as | x |— o).

Proof: Let be ¢ € H,,, k,m € IN{ we shall prove that there exists C,,, x € IR* such
that

| 2 DF¢(z) |< Coi (5)
for all z € B where B = R} — @ and @ = (0,1] x --- x (0,1]. From (5) we
deduce that | 2™ D¥(¢) |= 0(1) whenever | z |~ oo. We shall use induction on

| kK |= k1 + ke + - + k, to prove (5). To do this, we write 3 as a finite union of
disjoint subsets. Considering for each 1 < s < n the collection Py = {A;, ;,}7% ..,
’ ) jl <<J3

such that -

Ajn..i, {xem zj, € (Loo),r=1,...,5, y 2;<1 s j#jr}

(6)
Note that Py = {Q} and P, = (1, 00)". Let us put
P = U P )

i=1
then B = IR} — Q = Uyep A
Now, we are going to consider that | k |[= 0, (k = (0,...,0}) and m € IN}. We
choose m/ € IN§ such that m <m/ — pu — % Since ¢ € H,,, there exists a constant
Chvo € IR, which verifies

sup | 2™ 3(z) |< Crp - (7)
cEIRD

+
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52 SANDRA MOLINA
Then
sup | 2" ¢ |= max {sup | 2"¢ |}. (8)
If the maximal in (8) is attained by some A’ € P, then there is an integer number
5 (1 < s < n) such that A’ € P,. Let A’ = Aji,..j, and
C={recA:2;,=1 para i# ji...5},
then for z € A’

m < mjl Mg < mg'l_u'jl—% m;s—ujs—% <
|z <]z, .. 257 ¢ |< @y, SEE ¢[<

sup | ™ FEg(x) |< sup | 2™ 34(x) |< Crup.
zeC z€RY

Next, ¢ is rapid descent. The general case follows by induction on | k£ | and the
following equality, valid for k € IN™,

ol Y P Dig
Tk{x H 2¢}=3} H 2{§bkajW}‘ (9)
for some constants by ;.
Corollary 2.1.. If ¢ € H, and p > —3 then ¢ € L'(IR}).

Proof: 1If ¢ € H, then v§,(¢) < oo and therefore ¢(z) = 2+ 29p(z) where 7 is
a bounded function in JR?. Next, ¢ is bounded in a neighborhood of 0 and by the
lemma 2.1 is rapid descent in oo, then ¢ € L'(IR7}).

Lemma 2.2.. 'H, is a Fréchet space.

Proof: Let {¢,},civ be a Cauchy sequence in H,, then if m,k € IN? and € > 0,
exists N; x € IN such that if v,n > N, , we have

. ng,lc(gbu - ¢77) <E. (10)
Consequently, from (10) we obtain, for m = 0, that
sup | TH{a ™ 5(¢y —dn)} I< e vyn > Nogi - (11)

n
m€R+

Considering the case & = 0 in (11), we obtain the uniform convergence of {¢,}
on compact subsets K C IR} whereas £7*~% is continuous on K for each JIS
IR. By induction on | k | and equality (9) we obtain the uniform convergence on
compact subsets of IR"; for { D*¢,},en. Therefore, there isa ¢ € C°(IR?) such that,
D*¢,(x) — D*¢(z) when v — oo for each k € IN} and = € R". Taking  — oo in
(10), we obtain

Yinp(Pr — @) < Vo> Ny . (12)

Moreover, ;. (¢,) are uniformly bounded for v € IN because {¢, },en is a Cauchy
sequence. Next, from inequality (12) and the following inequality

Yoo (D) < V(D — Do) + 90 1 (D0),
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A GENERALIZATION OF THE SPACES H,, y ], 03
we obtain that ¢ € H,,.

Observation 2.4. H, with the collection of seminorms {v},  }mkein, is a testing-
function space on R”, ([1], §2.4).

H,, denote the dual space of H,,.
Observation 2.5.. H,, is also complete ([1], §1.8).
Example 2.1.. Forn =1 and p € IR, the function ¢(z) = e~ € H,. For

. Loy p1+3 +3  (a24ta?
n>1 the function ~(z) =t ie bV = "2 2" Tt tE) € M,

The following properties are valid for H, and H,:

1. Let {€;}i=1,.n be the canonical basis of IR", then for each even positive integer
9, Muytge; CHy for i=1,...,n.

To see this, we first consider ¢ = 2. Let be ¢ € H, 40, With p + 2¢; =
(i, i +2,..., ) and k € IN®, k = (ky,. .., kn), from (3) we obtain

THa " g(a)} = THalo 20" 2g()} =
ko (k : 1 :
=2 ( j>T'€"] {z=Wr2e073(2)}. TV {7 }. (13)
7=0 \J.
The terms 77{z2} are zero if j # 0 and j # e;. So, we obtain
Tz 2¢(z)} =
(o)t o ho) + (D) regatyrsgaimnom) =

= g2k g~ (w2 “%gb(m)}' + 2k Tr e {x W)= g (1)},
Multiplying by 2™, m € IN", the last formula, we have
Vo i(@) < ’Y:Zf;;m(ﬁb) + 2k; ’yﬁszf;(gb)-
Wherefrom ¢ € H,, y Hy42e; C H,. The general case follows by induction.

2. The space D(IRY), (the set of infinitely differentiable functions whose support
is a compact set contained in IR%), is a subspace of H, for each p € IR".
Moreover, D(IR%) is not dense in H,.

Since mmT’“{x““‘%qﬁ( z)} has compact support for all ¥ and m multiindices and
¢ € D(IRY), it is clear that D(IR}) C H,. To prove the second statement, we

consider the function v(z) = z#*3e~#” (example 2.9) and the neighborhood
of v:
u 1
B, = {6 € Muihold—) < 3.
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54 SANDRA MOLINA
Next, if ¥ € D(IR% ), whose support is K C IR, then we have

o =) = sup |75 () — 4(2)) |2

—_—py—i —|z
> sup |a7ME(Y(z) —(2)) |= sup |eT =1
zE€RY -K z€R} —-K

The conclusion is
B, ﬂ D(IRZ) ={.
3. It is clear that the convergence in D(IR") implies the convergence in H,., where-
from we deduce that the restriction of f € H,, to D(IRY) is a member of D'(IRT).

4. Since D(IR}) C H, C E(IRY), where E(RY) = {f : R*. — C,f € C*},
Vi € IR", we deduce the density of H, in S(R")

5. The topology of H, generated by the collection of seminorms {'ym ktmkenN 1S
stronger than that induced on it by E(IRY). By density of H, in E(IRT) we
obtain that £'(IR7) is a subspace of H,, for all p € IR

To sec this, we consider the collection of seminorms in £(IR}) given by
R = {xk' k}k'ccrenn, where C denote the class of all the compact subsets of
IR, so for ¢ € E(IRY), we arrive at

xx . (W) = sup | Dy | .
ze K’

Let S the collection of seminorms defined in H,, by (2). Let us show that the
following property is valid

VX € Ra 3717 ey e € S : X(¢) S O(’Yl((b) +o +7r(¢))’ V¢ € Hy,

(14)
Let K’ be a compact set and k = (0,...,0) = 0. If ¢ € H,,, then
Xiro() = sup | ¢(z) |< C sup |27+ 3¢(z) |= Coly(9), (15)
zeK' :L'Eﬂ:ti

where C = sup, ., | ##%2 |. If | k |= 1, k = ¢; we obtain, by (9), that

Te,'{x—ﬂ"%d)} = .’IJ_M—% {bei,O% + bei’elaj—'@}’

1 )
Hence

sup | D%¢(z) |<
e K’

be, 0
< M{ S sup |7 (@) e 222 sup |91 1}
e;,e; TEK’

bel,ez z€K
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1
_ . 1 _ 1
where M = sup,egr | @i |, €1 = SuPyegr | %% |, ¢ = sup,eyr | =5 |- Next,
taking into account (16), we obtain

XK e (#) < M’{c’lfyé‘uo(qﬁ) + C&XK‘,O(QS)} < 01{’7’5,-,0((}5) + ’Y&o(@}-

The property (14) is obtained by induction on | k | and the equatity (9). Finally,

we obtain that the topology generated by S is stronger than that generated by
R.

6. Let f : IR} — €' be a locally integrable function on IR}, such that f is of slow
growth at infinite ( 3r € IN such that | f(z) |=O(lz ") as | z |— o0) and
Zhts f(z) is absolutely integrable on Q = (0,1)" C IR} for u € IR*. Then, f
define a regular generalized function in H,, given by:

(f,¢)= / f(z)p(z) dz, para cada ¢ € H,, .
Ry
7. 'H, can be identified with a subspace of H), if p > —5 .

Given a function f € H,, by property 6, Lemma 2.1 and Corollary 2.1, it can
be considered as an element of ’HL. Since the functions of H, are continuous ,
if f,g € H, such that f # g, then there exists an open set of IR} where f # g
and then there is a function ¢ € D(IR}) such that {(f, ¢) # (g, ¢).

3. THE SPACE O

Let O be the space of functions § € C°(IR}) with the property that for every
k € IN™ there exists n,, € Z and C € IR, such that

|1+ |z )™ T |< C vz e R}
Observation 3.1.. The product of members of O is a member of O.
It follows from (3).

Lemma 3.1.. The operator ¢ — 0¢, where 8 € O, is a continuous operator of H,
into itself. Moreover, the adjoint operator f — 0f defined on H}, by

Of,¢)={f,00) feH, 00, ¢cH,,

is a lineal and continuous operator of ’HL into itself.

Proof: Let § € O, ¢ € H, and m,k € IN*. In view of (3), we obtain

k
anrarbop(a - o3 (5o o) 1<

~ (% 2=k pm k=i f1=1=3 (1
g;(j)cmmn Tt g(z)} |, (16)
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where the constant Cj satisfies | (1+ | = *) 770 |< C; Vz € IR?. Next, for every
multiindex j there exist a finite set of multiindex I'; such that

| T b og(a)} < 3 (’j)C( 3 vz,k-jw)). (1)

=0 €T,
Therefore, we deduce that 8¢ € H, and the continuity of ¢ - 8¢.

Lemma 3.2.. Let P(z) and Q(x) be polynomials of one variable such that Q(x) has
no zeros on 0 <z < oo. Then 2022 ¢ O for z = (z1,...,2,) € R™.

Q(l=?)
Proof: If k € IN", then
T*{P(|x )} = 2MPH (| 2 ?)

where Pl denotes the derivative of order | k | of P. Therefore P(] z [?) € ©. On
the other hand, we have

SEE M) 2"“‘(%)”6'(; o ).

The expression of %’kl has the form ﬁ“’]’ where gr(N) < gr(@*"). Since Q has no

zeros in [0, 0o) then éﬁl;lf) € O, and by observation 3.1 we conclude that —L—-gglﬂz; € O.
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